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Main Research Interests

My research activity has focused primarily on the study of second-order degenerate partial dif-
ferential equations, both linear and nonlinear. More precisely, it has concerned the study of
equations that can be written as a sum of squares of vector fields, regularity problems of solu-
tions, and geometric measure theory problems in Riemannian and sub-Riemannian structures.

There is a rich literature on operators defined through smooth fields, whereas a general theory

for nonlinear or non-smooth fields does not exist. A significant part of my recent research activity
has therefore been dedicated to developing a theory for this type of operators.
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Brief description of the most recent publications

The main results I have obtained concern nonlinear partial differential equations of Hérmander
type, and in particular mean curvature equations. Specifically, I have studied:

(i) properties of regular or rectifiable surfaces in groups;

(ii) properties of fundamental solutions of Hormander-type operators conceived as limits of
elliptic operators or operators with non-smooth coefficients;

(iii) asymptotic properties of solutions of the Riemannian mean curvature flow;
(iv) regularity of minimal surfaces, and limits of Riemannian minimal surfaces;

(v) minimizers of the Mumford-Shah functional in this setting (this problem is closely related
to the previous ones since the jump sets of the minimizers of the functional are minimal
surfaces).

These results play a role in models of the primary visual cortex. Indeed, the cortex was
modeled by Petitot and Tondut in the group SFE(2) of rigid motions of the plane. In this
setting, minimal surfaces model subjective surfaces, while differential equations describe the
neural propagation of the visual signal.

(i) Surfaces in non-homogeneous Lie groups.

The model structures for developing the theory of Hérmander operators in R™
m
L:ZXZ?, 1<m<n (1)
i=1

are Lie groups; in particular, the theory is simplified in the case of homogeneous groups, called
Carnot groups, for which natural dilations compatible with the group law are defined. The
notion of intrinsic regular surface was introduced in Carnot groups only in 2001 by Franchi,
Serapioni, and Serra Cassano. A regular surface is the zero set of a function whose intrinsic
gradient is non-zero. There is a rich literature, always by the same authors, regarding the study
of surfaces in homogeneous groups. In the work [6], a rectifiability result is proved for surfaces in
non-homogeneous environments, introducing a notion of reduced boundary analogous to that of
De Giorgi for the Euclidean case, and of Franchi, Serapioni, and Serra Cassano for homogeneous
groups. The main difficulty is due to the fact that in non-homogeneous groups, natural dilations
are not defined, and it was therefore necessary to first introduce approximating dilations, which
allow for a blow-up procedure, and thus introduce the notions of tangent planes and rectifiability
in the intrinsic sense. The main result of the paper guarantees that the (intrinsic) reduced
boundary of a Caccioppoli set in the sense of the group is rectifiable. In the work [7], for
surfaces of class C! in the intrinsic sense, an implicit function theorem was proved. Our result
is contemporary with, but more general than, that of Ambrosio, Serra Cassano, and Vittone in
the Heisenberg group. The implicit function u turns out to be differentiable with respect to a
family of suitable nonlinear fields:

Xiu= Z aij(u)0y; - (2)
=



(ii) Estimates and construction of fundamental solutions.

It is well known that linear operators of type (1) have a fundamental solution I'; see the article
by Rothschild and Stein of 1977. On the other hand, degenerate operators of type (1) can be
formally thought of as the limit as € — 0 of Riemannian regularization operators depending on
a parameter e:

L.=L+eA

where A is the Laplace operator in R™. In the work [10], we provide a priori estimates that are
uniform in e for the fundamental solution I'¢ of L., and we prove that I is the limit of I'c as
€ — 0. The proof of these estimates is based on a lifting procedure different from the classical
one of Rothschild and Stein, and consists in lifting the operators L. to an operator independent
of €, whose fundamental solution provides the desired estimates for the fundamental solutions of
the operators L.. Using this technique, uniform a priori Schauder-type estimates for solutions of
the problem L.u = f were obtained in [11]. In this context, the estimates for solutions of a wide
class of quasilinear degenerate parabolic equations demonstrated in the work [9] also fit.

The operators studied in these works are expressed in terms of C'° fields. However, in the
study of quasilinear equations, the fields depend on the solution, and it is not generally possible
to assume that they are smooth, nor to simply think of them as perturbations of known linear
operators. An axiomatic theory for non-smooth fields of this type is presented by Sawyer and
Wheeden, but it cannot be applied to fields of type (2). In the work [23], nonlinear fields of type
(2) with w Lipschitz continuous in the intrinsic sense are considered, a local fundamental solution
is constructed using Levi’s parametrix method, and estimates of its derivatives are provided. In
[29], I considered sum of squares operators of non-smooth Hormander vector fields of step r.
In this paper, a local fundamental solution is constructed and estimates of its derivatives up to
order two are provided. This allows us to prove a priori Schauder-type estimates and address
the study of local solvability.

The fundamental solution of the operator obtained by freezing the coefficients of the fields
via a first-order (intrinsic) Taylor expansion of the coefficients was used as a parametrix.

As is well known, the Poincaré inequality is an essential tool in Moser’s iterative method
for proving the Hélder regularity of solutions. For smooth fields, it was proved by Jerison. For
non-smooth fields of diagonal type, it was proved by Franchi and Lanconelli. More recently,
Lanconelli and Morbidelli proved the Poincaré inequality under a condition on the metric balls.
Developing this method, Montanari and Morbidelli prove the Poincaré inequality assuming that
the fields and their second-order commutators are Lipschitz continuous and span the entire space.
However, in many situations, this type of regularity is not satisfied. For instance, it is not satisfied
for the vector fields (2) involved in the study of minimal surfaces in Heisenberg, which have only
Lipschitz coefficients, or for the fields considered by Rios, Sawyer, and Wheeden. The aim of
the work [22] is to fill this gap by proving a Poincaré inequality for fields with only Lipschitz
coefficients.

Still in this context, in the work [24] it is shown that Lipschitz continuous functions (in
the intrinsic sense) can be approximated, together with their gradients, by smooth functions.
The proof consists in providing a smooth approximation of the finite perimeter of a set whose
boundary is the intrinsic graph of the function to be approximated.

(iii) Asymptotic estimates for the Riemannian mean curvature flow.

The motion of a surface where each point moves in the normal direction with velocity equal to its
curvature is called mean curvature flow. In the Euclidean and Riemannian settings, the problem
has been extensively studied, mainly by Ecker and Huisken. It is well known that solutions
to the Riemannian mean curvature flow with fixed boundary data tend to the solution of the



minimal surface equation with the same data. In particular, if the boundary data is zero, the
solution tends to zero. In the work [12], we prove that the solution, properly normalized, instead
tends to the first eigenvector of a Laplace-Beltrami-type operator, i.e., of type (1) with n = m.
This result is of interest for applications to image processing and stability. Another differential
equation describing a geometric flow of fronts, which arises in image processing, is studied in
[13]. The main difficulty is due to the fact that the equation is non-local, and the proof of the
existence and stability of the solutions is obtained through a viscosity technique.

(iv) Mean curvature equations in the Heisenberg group: nonlinear fields.

The prescribed mean curvature equation in the Heisenberg group H" is formally presented as
the Riemannian analog, in terms of nonlinear fields of type (2):

2n—1 X u
Y Xiu|—2—|=f zecQcCR™ (3)
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where Vx , = (X1,u, ..., Xon—1,4). A regular surface is called minimal if it satisfies the equation
with f = 0. For this problem, conceived as critical points of the perimeter functional, Garofalo
and Nhieu prove regularity in bounded variation spaces and Pauls demonstrates regularity in
Sobolev spaces. Subsequently, in the case n > 1, Cheng, Hwang, and Yang prove that weak C!
solutions of (3) are of class C?, while in the case n = 1, Ritoré provides examples of non-regular
minimal surfaces. Finally, regarding low regularity, Bigolin and Serra Cassano prove the Lipschitz
continuity of solutions. On the other hand, the problem of high regularity was completely open.
In the works [18] and [19] (attached to the application), we require the Lipschitz continuity of
the solutions as an assumption and prove that they are infinitely differentiable in the intrinsic
sense. More precisely, in [18], for the case n > 1, we show that Lipschitz viscosity solutions of the
curvature equation are of class C°°, while, in [19], for the case n = 1, we prove that they are C*>°
in the intrinsic sense. The behavior is therefore radically different in the two cases. Indeed, if
n > 1, a weak Hormander condition holds: the Lie algebra generated by the fields and their first-
order commutators coincides with the whole space at each point, whereas if n = 1, this condition
is violated. The proof essentially exploits the possibility of approximating the sub-Riemannian
curvature operator with the analogous Riemannian operator, and the approximation results of
section (ii) which allow for representing the fundamental solution of a sum of squares operator
as the limit of the fundamental solution of Riemannian operators.

In the work [20], an equation for the evolution of fronts in a step-s group is studied, which
differs from the mean curvature flow because it is variational, namely the total variation:

i X;u
O = X, | ——— in R" x [0, +o0l. (4)
; <\/1+|qu|2>

An existence result for all times of a smooth solution of the equation on a bounded convex open
set with assigned boundary data is established. Furthermore, it is proved that the solution tends
to the solution of the minimal surfaces problem as ¢ — +o0.

(v) Minimizers of the Mumford-Shah functional.

Minimal surfaces can also be determined as the jump set of the minimizers of the Mumford-Shah
functional in the Riemannian and sub-Riemannian settings. In [15], the problem of the existence
of minimizers is addressed using Gamma-convergence tools, and a convergence result of a family
of discrete functionals to the Mumford-Shah functional in a Riemannian space is proved. The



work generalizes to this setting the proof of a conjecture by De Giorgi in the Euclidean case.
Subsequently, in [16], the study of the Mumford-Shah functional in the sub-Riemannian metric
modeling the visual cortex is addressed.

Modena, July 14, 2026

Sincerely,
Maria Manfredini
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